О геометрии второй канонической связности LCK - многообразий by Мухометзянова, И.А.
		  
	
 E<B =F
    		 	
LCK   	H
 @G-$"9;D -*% &&
7 7$&( &6  2
 	 
 	   	 0)
 ?   . &&( 72 8
0 2?6  +.  / .68
 &&( 72 8 2?6. . 8
1 2& ?-.  &( I&2 + 6 6 
/. I .6 
LMN \ZS[GZ[SQP Nc[QZXTR\ TW PTGQPP` GTRWTSVQP e8GTRZQGZ VQRXWTP^\ QSN TU8
ZQXRN^ xTVN YNTVNZSXGQP OSTONSZXN\ TW \[GM VQRXWTP^\ QSN GTR\X^NSN^ 
'()"*+" ,'-*%. +/  2/ # 8
. 2/.  !+/ "#8 28
?6.#72 ?1# &&( 72 +/ 8
 # 2&( 2?6.# +&22/. .68
(# <8.  D8. / .6# ??- 82?6 
/0123456. QPVT\Z GTRZQGZ VNZSXG \ZS[GZ[SN# GTRZQGZ VNZSXG \ZS[GZ[SN !P8
VT\Z \Q\QtXQR"# e8 GTRZQGZ VQRXWTP^# GTRWTSVQP VQOOXRY# PTGQPP` wTRWTSVQP
e8 GTRZQGZ VQRXWTP^# RTSVQP VQRXWTP^# \NVX\`VVNZSXG GTRRNGZXTR# GQRTRXGQP
GTRRNGZXaXZ` yNRNSQPXfN^ 8 VQRXWTP^ 
*"7" "
 .- 2. ?&(9 2 &.. &H +/ 8
0    ? 2H. &&( 72 88
 2?6. 6/H. 77$&(82/  
+&(62 0  I G8  0 77$&(8
 +&1. ... 2& ?-.  &( I&2 + 8
6 6  /.  / .6 &&( 72
8 2?6. 
8& , -* +" A- D9D
( (M, g) hDR<82 2 2?6# X (M) h 2&( &0
0 +&  M #  h + 9&. 2 .6 2 g 
E@
EB    


A#"7"'" " 8& 63 " 3" ((" !AC88
"  M 6. +( {Φ, ξ, η, g} h 60 +&  M # 
g =<,> h 2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Φ(ξ) = 0, η ◦ Φ = 0,Φ2 = −id + ξ ⊗ η, η(X) =< ξ,X >, η(ξ) = 1,
< ΦX,ΦY >=< X,Y > −η(X)η(Y ), X, Y ∈ X (M).
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2 ?62
+& +&. L = ker(η)  M = Rξ = {λξ | λ ∈ R}# dimL = 2n#
dimM = 1# L ∩M = {0}# X (M) = L ⊕M ( Lc = L ⊗ C  Lc 2
?62 +& + τ = 12 (id − iΦc)  τ = 12 (id + iΦc)#   X (M)h
+ m = η⊗ξ, π = τ ◦(−Φ2) = − 12 (id−iΦ)Φ2 = − 12 (Φ2−iΦ3) = − 12 (Φ2+iΦ),
π = τ ◦ (−Φ2) = − 12 (id + iΦ)Φ2 = − 12 (Φ2 + iΦ3) = 12 (−Φ2 + iΦ)  ?
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2 + Tp(M), p ∈M # 21 +( 28
 + (p, e0, e1, ..., en,Φe1, ...,Φen),  e0 = ξp  8+ (p, ε0, ε1, ..., εn, ε1ˆ, ..., εnˆ)
+ T cp (M) = Tp(M) ⊗ C#  ε0 = ξp, εa =
√
2τ(ea), εaˆ =
√
2τ (ea) 
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H 72$H  AS8 {Φ, ξ˜, η˜, g˜}#  g˜ = e−2σg, η˜ = e−ση, ξ˜ = eσξ, σh
+&.H-. 7$. H- 72$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 72
Ω  Ω˜ {Φ, ξ, η, g}  {Φ, ξ˜, η˜, g˜}   &&( .6 &H8
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Ω˜(X,Y ) = g˜(X,ΦY ) = e−2σg(X,ΦY ) = e−2σΩ(X,Y ).
/# / dΩ˜ = 0⇐⇒ d(e−2σΩ) = 0 ⇐⇒ −2e−2σdσ ∧ Ω + e−2σdΩ = 0#   
dΩ = 2dσ ∧ Ω. (1)
(  ?&.0 U  U˜ 6 +&.H- 7$ σ  σ˜ H-0
720 72$    ?& U
⋂
U˜ 22
dΩ = 2dσ ∧ Ω = 2dσ˜ ∧ Ω ⇐⇒ d(σ − σ˜) ∧Ω = 0.
	&2.# /  a, b, c, ... +?H 6/.  <  n, aˆ = a+ n, ωa =
ωaˆ.
 /2 # / Ω = −2iωa ∧ωa j<k#  {ωi} h2+ 72 2-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22
σˆ0ω ∧ ωa ∧ ωa + σˆ[cδba]ωc ∧ ωa ∧ ωb + σˆ[cδb]a ωc ∧ ωa ∧ ωb = 0,
 σˆi h 2+ 72 dσˆ = d(σ − σ˜), σˆa = σˆaˆ.
 & & 62 ?60 72 ωi +&/2
σˆ0 = 0, σˆ[cδba] = 0, σˆ
[cδb]a = 0.
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σˆ[cδ
b
a] = 0 ⇐⇒ σˆcδba − σˆaδbc = 0
2 +&  + 2 a  bA σˆcδ
a
a− σˆaδac = 0⇐⇒ (n−1)σˆc =
0 ⇐⇒ σˆc = 0, & n = 1 
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/2 ?62 +&/2 σˆc = 0.  2 ?62 dσˆ = 0 ⇐⇒ dσ˜ = dσ. 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dη˜ = Ω˜ ⇐⇒ d(e−ση) = e−2σΩ ⇐⇒ −e−σdσ ∧ η + e−σdη = e−2σΩ ⇐⇒
dη = dσ ∧ η + e−σΩ. (2)
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dωa = ωab ∧ ωb + Babcωc ∧ ωb + Babcωb ∧ ωc + Babω ∧ ωb + Babω ∧ ωb,
dωa = −ωba ∧ ωb + Bacbωc ∧ ωb + Babcωb ∧ ωc + Babω ∧ ωb + Babω ∧ ωb,
dω = Cabωa ∧ ωb + Cabωa ∧ ωb + Cab ωb ∧ ωa + Caω ∧ ωa + Caω ∧ ωa.
 {ωi}# {ωij}h2+ 72 2-.  2 .6 8
#
ω = ω0, ωa = ωaˆ, Babc =
i
2
Φa
[bˆ,cˆ]
, Bab =
i
2
Φa
bˆ,0
− iΦa
0,bˆ
,
Babc = − i2Φ
aˆ
[b,c], Bab = −
i
2
Φaˆb,0 + iΦ
aˆ
0,b,
Babc = −
i
2
Φa
bˆ,c
, Ba
c
b =
i
2
Φaˆb,cˆ, Ca = iΦ
0
a,0B
a
b = iΦa0,b, Ba
b = −iΦaˆ0,b, Ca = −iΦ0aˆ,0,
Cab = −iΦ0[a,b], Cab = iΦ0[aˆ,bˆ], Cab = −iΦ0b,aˆ − iΦ0aˆ,b,
Φij,kh 2+  77$& 6 Φ  2 .68
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" Ω = −2iωa ∧ ωa  I 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(Babc + 2σ
[bδa]c )ω
c ∧ ωb ∧ ωa + B[abc]ωb ∧ ωc ∧ ωa + (Bab + Bba − 2σ0δab )ω ∧ ωb ∧ ωa+
(−Bacb − 2σ[bδca])ωa ∧ ωc ∧ ωb −B[abc]ωa ∧ ωb ∧ ωc = 0,
 σi h 2+ 72 dσ, σ
a = σaˆ.
 & & 62 ?60 72 ωi +&/2
B[abc] = B[abc] = 0, Bab + Bba = 2σ0δab , B
ab
c = −2σ[bδa]c .
2 +.20 /& 22
Bab = (σ0 − ie−σ)δab , Bba = (σ0 + ie−σ)δab .
+&(6.  !D"# 02 A
C [ab] = C[ab] = 0, Cab = −2ie−σδab , Ca = −σa, Ca = −σa.
 2 ?62# <8. ++ 0  LCAS82?6 2
A⎧⎨⎩ dω
a = ωab ∧ ωb + 2σ[aδb]c ωc ∧ ωb + Babcωb ∧ ωc + (σ0 − ie−σ)δabω ∧ ωb + Babω ∧ ωb,
dωa = −ωba ∧ ωb + 2σ[aδcb]ωc ∧ ωb + Babcωb ∧ ωc + (σ0 + ie−σ)δbaω ∧ ωb + Babω ∧ ωb,
dω = −2ie−σδabωb ∧ ωa + σaωa ∧ ω + σaωa ∧ ω.
"-#"$% <& 6(	 M7LCAS/ )
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 
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( h0. 2 .6( 2 g =<,># ˜h 2 .6(
2 g˜ = e−2σg 
  ˜XY −XY = T (X,Y )h 6 77 72$   ˜# 2H-
 T kij = −σiδkj − σjδki + gijσk 
6# / dΦij + Φ
i
kω
k
j − Φkjωik = Φij,kωk  0 .6 #
dΦij + Φ
i
kω˜
k
j − Φkj ω˜ik = Φ˜ij,kωk  .6 ˜ 
   ω˜ij = ω
i
j + T
i
jkω
k
# 
(dΦij + Φ
i
kω
k
j − Φkjωik) + ΦikT kjrωr − ΦkjT ikrωr = Φ˜ij,kωk.
 & & 62 ?60 72 +&/2
Φ˜ij,r = Φ
i
j,r + Φ
i
kT
k
jr − ΦkjT ikr.
   T kij = −σiδkj − σjδki + gijσk# +&/2
Φ˜ij,r = Φ
i
j,r − Φirσj + Φikσkgjr + Φkjσkδir − Φkjσigkr.
6 j@k# /
B˜abc =
i
2
Φ˜a
[bˆ,cˆ]
=
i
4
(Φ˜a
bˆ,cˆ
− Φ˜a
cˆ,bˆ
),
B˜ab = − i
2
(Φ˜a
bˆ,0
− 2Φ˜a
0,bˆ
).
2 Φ˜a
bˆ,cˆ
, Φ˜a
bˆ,0
 Φ˜a
0,bˆ
Φ˜a
bˆ,cˆ
= Φa
bˆ,cˆ
− Φacˆσbˆ + Φadσdgbˆcˆ + Φdˆbˆσdˆδacˆ − Φkbˆσagkcˆ = Φabˆ,cˆ,
Φ˜a
bˆ,0
= Φa
bˆ,0
− Φa0σbˆ + Φacσcgbˆ0 + Φdˆbˆσdˆδa0 − Φ0bˆσa = Φabˆ,0,
Φ˜a
0,bˆ
= Φa
0,bˆ
− Φa
bˆ
σ0 + Φacσ
cg0bˆ + Φ
k
0σkδ
a
bˆ
− Φb0σa = Φabˆ,cˆ.
&&( B˜abc = Babc, B˜ab = Bab.
  # 6#jDk / AS8 .&..  &8
 +   &( #  B˜abc = 0  jEk .&.. K8 8
   &( #  B˜ab = 0  2 6 
2 77$&( +&1. 0  02 D8H
++ 0 A
dωab = ω
a
c ∧ ωcb + 2e−2σδabωc ∧ ωc + Aabcdωc ∧ ωd + Aadbc ωc ∧ ωd + Aacdb ωc ∧ ωd+
+Aabc0ω
c ∧ ω + Aacb0ωc ∧ ω,
 Aacdb = B
a[dc]
b −Bacdb−Ba[dh B|h|c]b +BahdBhcb +BachBhdb , Aacb0 = −Bacb0−Bacbσ0−
σcδab (σ0 + ie
−σ)− σ0cˆδab − σ0σcδab , Abacd = −Bab[dc] + Bacdb + Bah[dB|hb|c] −Bah[dBhbc] −
Ba[c|h|Bhbd], A
[bd]
ac = Ba
[bd]
c + Ba
[b
hB
|h|d]
c + 2BahcBhbd − 2ie−σσ0δ[ba δd]c , Abac0 = Babc0 −
σaσ0δ
b
c + σ0cδba + σc(σ0 − ie−σ)δba.
EC    


22 0  .&.H. # 6H-  +8
 & &( &.  +/ I22 2?6.2
j<k#   1  2?6  /2 7  < 
A#"7"'" " ?& LCAS 8 2?6 62 )) L/)
#
& ∀X ∈ L =⇒ X(σ) = 0.
 1 X(σ) = 0, X ∈ L ⇐⇒ σa = 0, a = 1, n 
A#"7"'" " M& AC 8 2?6 6. 	 jBk# & 2N +
dη ⊗ ξ = 0, 
N(X,Y ) =
1
4
{[ΦX,ΦY ] + Φ2[X,Y ]− Φ[ΦX,Y ]− Φ[X,ΦY ]}
h6 0  
2&( AC8 H 72&(H &(   8
2#  .&.H.  6 2 2 &2 I20 !  
20"   I2 2    2 .6 
2&(. . 2/.  6.  8
   .&.H. 2 &2 &0 
 I2 2  0 6/H +.- 2 &/ +?&$
j<k 
6 j@k# / AC8 2&(   &( # 
Babc = 0, Bab = 0, Cab = 0, Ca = 0.
 &/# & AC8 .&.. LCAS8# I &. +2
A Babc = 0, Bab = 0, σa = 0.  I2 &/ &. 2&( +?68
  {Φ, eσξ, e−ση, e−2σg} +2 A
2N + d(e−ση)⊗ eσξ = 0,
  
2N − e−σdσ ∧ η ⊗ eσξ + e−σdη ⊗ eσξ = 0
  dσ ∧ η = 0, / &( 9H σa = 0 # 2 ?62# +?8
6.  2/ 2&(#  6/#   
?# & LCAS8 &&( 72   dσ ‖ η, 
 2&( 
 2 ?62# 6 2A
"-#"$% L& ( DhLCAS8   &H- &. I&8
A
<" Dh2&(. AC8#
D" D &&( 72    X(σ) = 0, X ∈ L.
L& -'@,$$"9#)",:%D ,*D; -,9>
A#"7"'" " N& .6(
˜˜∇  M 6.  (3"# & 
6 /. S 2  jFkA
<"S(X,Y ) = (τ)(X)Y − (τ)(Y )X,  τ ∈ Λ1(M) h 77$&(. <872 
M #
D"
˜˜∇g = 0.
(3)
   		   


 EJ
 /# & τ = 0#  ˜˜∇h2 .6( 
"-#"$% ?& ( τ ∈ Λ1(M) h +6&(. 77$&(. <872 
M #  -  + 2 &(  +&22/. .6(  M #
&.  +&.H. 9. !@"  

6&( ( Th6 + !D#<" 77 72$ .6
∇  ˜˜∇#  ( ˜˜∇XY = ∇XY + T (X,Y ). (4)
& !@" ˜˜∇XY − ˜˜∇Y X − [X,Y ] = τ(X)Y − τ(Y )X.
 /2 !B"# 22
S(X,Y ) = ˜˜∇XY − ˜˜∇Y X − [X,Y ] =
= ∇XY + T (X,Y )−∇Y X − T (Y,X)− [X,Y ] = τ(X)Y − τ(Y )X,
 (
(∇XY −∇Y X − [X,Y ]) + T (X,Y )− T (Y,X) = τ(X)Y − τ(Y )X
   ∇h2 .6(# 22
T (X,Y )− T (Y,X) = τ(X)Y − τ(Y )X. (5)
  #
˜˜∇X(g)(Y, Z) = 0,
&&( ˜˜∇X(g(Y, Z)) = g( ˜˜∇Y Y, Z) + g(Y, ˜˜∇XZ).
 /2 !B"# 22
X(g(Y, Z))− g(∇XY, Z)− g(Y,∇XZ) = g(T (X,Y ), Z) + g(Y, T (X,Z)).
   ∇g = 0# 22
g(T (X,Y ), Z) + g(Y, T (X,Z)) = 0
&
< T (X,Y ), Z > + < Y, T (X,Z) >= 0. (6)
&2 62 X −→ Y −→ Z −→ X
< T (Y, Z), X > + < Z, T (Y,X) >= 0. (7)
&2 62 X −→ Y −→ Z −→ X
< T (Z,X), Y > + < X,T (Z, Y ) >= 0. (8)
F>    


/& &12 1 !F"  !="  +/& /2 1 !C"A
< T (X,Y ) + T (Y,X), Z > + < T (Y, Z)− T (Z, Y ), X > +
+ < T (X,Z)− T (Z,X), Y >= 0
 /2 !C"# 22
< T (X,Y ) + T (Y,X), Z > + < τ(Y )Z − τ(Z)Y,X > + < τ(X)Z − τ(Z)X,Y >= 0
&
< T (X,Y ) + T (Y,X), Z >= −τ(X) < Y,Z > +τ(Z) < X,Y > −
−τ(Y ) < Z,X > +τ(Z) < Y,X >
	212  !E"  Z# 22
< T (X,Y )− T (Y,X), Z >= τ(X) < Y,Z > −τ(Y ) < X,Z >
&.  +&0 # +&/2
< T (X,Y ), Z >= τ(Z) < X,Y > −τ(Y ) < X,Z >,Z ∈ X (M).
 2 ?62#
T (X,Y ) = −τ(Y )X+ < X,Y > τ ,
 τ 8# &( <872 τ  ?# +(
T (X,Y ) = −τ(Y )X+ < X,Y > τ  ⇐⇒
   .6
˜˜∇ = ∇+ T 22
<"
˜˜∇g = 0,
D"S(X,Y ) = T (X,Y )− T (Y,X) = −τ(Y )X+ < X,Y > τ  + τ(X)Y− < Y,X > τ  =
τ(X)Y − τ(Y )X.  2 6 

&. LCAS82?6. / +& +&22/. .68
(A ˜˜∇XY = ∇XY − (dσ)(Y )X+ < X,Y > grad(σ).
62  " 3" 
	!
( Θ˜ =
⎛⎜⎜⎝
˜˜ω00 ˜˜ωa0 ˜˜ωaˆ0˜˜ω0b ˜˜ωab ˜˜ωaˆb˜˜ω0bˆ ˜˜ωabˆ ˜˜ωaˆbˆ
⎞⎟⎟⎠ h 72 D8 / .6 2
g#  ˜˜ωij = ωij − T ikjωk,Φab,k = 0,Φaˆbˆ,k = 0,Φ00,k = 0,
ωa
bˆ
= −1
2
iΦa
bˆ,k
ωk, ωaˆb =
1
2
iΦaˆb,kω
k, ωa0 = −iΦa0,kωk,
ωaˆ0 = iΦ
aˆ
0,kω
k, ω0b = iΦ
0
b,kω
k, ω0
bˆ
= −iΦ0
bˆ,k
ωk.
   		   


 F<
/&2 2+ 72 {˜˜ωij} D8 / .6 
&. I
6+92 2+ 6 77 72$  + &.
+A
T ijk = −σkδij + gjkσi.
&&( T 00c = −σc, T 00cˆ = −σc, T 0bˆc = T 0cbˆ = σ0δbc, T a00 = σa, T ab0 = −δabσ0,
T abc = −δabσc, T abcˆ = δcbσa − δabσc, T abˆc = δbcσa, T aˆ00 = σa, T aˆbˆcˆ = −δbaσc, T aˆbˆc = δbcσa −
δbaσc, T
aˆ
bcˆ = δ
c
bσa, T
aˆ
bˆ0
= −δbaσ0.
 2 ?62# 22A ˜˜ωij = ωij − T ikjωk
&
˜˜ω00 = 0, ˜˜ω0a = ie−σωa, ˜˜ω0aˆ = −ie−σωa, ˜˜ωa0 = ie−σωa, ˜˜ωaˆ0 = −ie−σωa, ˜˜ωab =
ωab + σbω
a − σaωb, ˜˜ωaˆbˆ = −ωba − σaωb + σbωa, ˜˜ωabˆ = 2Bcabωc, ˜˜ωaˆb = 2Bcabωc.
?& " ;-# :#@)" D
/&2 2+ 6 S /. I .6  +
+ G8  & !@"# S(X,Y ) = (dσ)(X)Y − (dσ)(Y )X &
Skij = σiδ
k
j − σjδki .
 2 ?62
Sab0 = −σ0δab , Sabcˆ = −σcδab , Sabc = 2σ[bδac], S0b0 = σb, Sabˆ0 = Sabˆcˆ = S0bc = S0bˆc = 0.
&( Sh 6 + !D#<"  2+ {Sijk}#  7$  +8
 & &. 0 2+&0 + 2?6. M # 8
&.H 2 77$&(0 
dSijk + S
i
mk
˜˜ωmj + Sijm ˜˜ωmk − Smjk ˜˜ωim = Sijk|mωm,
+/2   ? j<k H# & # / .2  1
 &.H  &H- ++  2+ S1 = {Sabc;Saˆbˆcˆ}, S2 =
{S0bc;S0bˆcˆ}, S3 = {Sabˆc;Saˆbcˆ}, S4 = {S00b;S00bˆ}, S5 = {Sabˆcˆ;Saˆbc}, S6 = {Sa0bˆ;Saˆ0b}, S7 =
{S0bcˆ;S0aˆb}, S8 = {Sa0b;Saˆ0bˆ}. # 2 ?62#  &1 2+2 -8
0 6#  2 ?2 ?6/( 2 1 2&2  6(
I&22 + 6 S j<k 
.2 2/ 2& ?-.  &( 6 S2 
S0bc = 0⇐⇒ S(πeb, πec)0 = 0
&
mS((Φ2 + iΦ)eb, (Φ2 + iΦ)ec) = 0.
. ?#  & & 6 S +&/2A
mS(Φ2eb,Φ2ec)−mS(Φeb,Φec) + imS(Φ2eb,Φec) + imS(Φeb,Φ2ec) = 0.
FD    


.2 &(H  22H / I   &HA
1)mS(Φ2eb,Φ2ec)−mS(Φeb,Φec) = 0,
2)mS(Φ2eb,Φec) + mS(Φeb,Φ2ec) = 0.
/# I  I&0  
  &( 1A
mS(Φ2X,Φ2Y )−mS(ΦX,ΦY ) = 0, X, Y ∈ L
&
mS(Φ3X,Φ3Y )−mS(Φ2X,Φ2Y ) = 0, X, Y ∈ X (M).
 /2 # / Φ3 = −Φ  m = η ⊗ ξ# 22A
η ◦ S(ΦX,ΦY )− η ◦ S(Φ2X,Φ2Y ) = 0, X, Y ∈ X (M).
/#   ? 
&/2 ?62 +&/2
Saˆbc = 0⇐⇒ −Φ2S(Φ2X,Φ2Y ) + Φ2S(ΦX,ΦY )−ΦS(Φ2X,ΦY )−ΦS(ΦX,Φ2Y ) = 0,
Sa
bˆ0
= 0⇐⇒ Φ2S(Φ2X, ξ) + ΦS(ΦX, ξ) = 0,
S0bcˆ = 0 ⇐⇒ η ◦ S(ΦX,ΦY ) = 0, X, Y ∈ X (M).
 2 ?62# 6 2A
"-#"$% M&  6 S /. D8 / .6 &&( 8
72 K8 2?6. M &. &H?2 6 1A
η ◦ S(ΦX,ΦY ) = 0,
Φ2S(Φ2X, ξ) + ΦS(ΦX, ξ) = 0,
−Φ2S(Φ2X,Φ2Y ) + Φ2S(ΦX,ΦY )− ΦS(Φ2X,ΦY )− ΦS(ΦX,Φ2Y ) =
= 0, X, Y ∈ X (M).
.2 2/ 2& ?-.  &( 6 S1 
( Sabc = 0 ⇐⇒ 2σ[cδab] = 0 ⇐⇒ σcδab = σbδac .
2 +&  + 2 a  bA σcδ
b
b = σbδ
b
c ⇐⇒ (n−1)σc = 0 ⇐⇒
σc = 0, & n = 1.
  #
Sabc = 0⇐⇒ −Φ2S(Φ2X,Φ2Y ) + Φ2S(ΦX,ΦY ) = 0, X, Y ∈ X (M).
&/2 ?62 +&/2
Sabcˆ = 0 ⇐⇒ Φ2S(ΦX,ΦY )− ΦS(ΦX,Φ2Y ) = 0,
S00b = 0⇐⇒ η ◦ S(ξ,ΦX) = 0, X, Y ∈ X (M).
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ΦS(Φ2X,ΦY ) + ΦS(ΦX,Φ2Y ) = 0,
Φ2S(ΦX,ΦY )− ΦS(ΦX,Φ2Y ) = 0,
η ◦ S(ξ,ΦX) = 0, X, Y ∈ X (M).
.2 2& ?-.  &( 6 S8 
Sab0 = 0 ⇐⇒ σ0 = 0⇐⇒ dσ(ε0) = 0 ⇐⇒ dσ(ξ) = 0 ⇐⇒ ξ(σ) = 0⇐⇒
7$. σ +. &( &(0 & +&. ξ.
  
Sab0 = 0⇐⇒ −Φ2S(Φ2X, ξ) + ΦS(ΦX, ξ) = 0, X ∈ X (M).
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−Φ2S(Φ2X, ξ) + ΦS(ΦX, ξ) = 0, X ∈ X (M).
M& " ;-# :#*; +
/&2 2+ 6 R 6 I .6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 & j@k#
d˜˜ωij = ˜˜ωik ∧ ˜˜ωkj + 12Rijklωk ∧ ωl, i, j, k, l = 0, 2n.
( i, j = 0# 
d˜˜ω00 = ˜˜ω0k ∧ ˜˜ωk0 + 12R00klωk ∧ ωl.
&.2 6/.
˜˜ωij   & & 62 ?60 72# 22
R00cd = R
0
0cˆdˆ
= R0
0cdˆ
= R00c0 = R
0
0cˆ0 = 0.
( i = 0, j = a# 
d˜˜ω0a = ˜˜ω0b ∧ ˜˜ωba + ˜˜ω0bˆ ∧ ˜˜ωbˆa + 12R0aklωk ∧ ωl
&
d(ie−σωa) = ie−σωb∧(ωba+σaωb−σbωa)−ie−σωb∧(2Bcbaωc)+R0ac0ωc∧ω+R0acˆ0ωcˆ∧ω+
FB 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 
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+R0
acdˆ
ωc ∧ ωdˆ + 1
2
R0acdω
c ∧ ωd + 1
2
R0
acˆdˆ
ωcˆ ∧ ωdˆ.
 & & 62 ?60 72# 22
R0ac0 = R
0
acdˆ
= R0
acˆdˆ
= 0, R0acˆ0 = e
−2σδca, R
0
acd = −4ie−σBadc.
( i = a, j = bˆ# 
d˜˜ωabˆ = ˜˜ωa0 ∧ ˜˜ω0bˆ + ˜˜ωac ∧ ˜˜ωcbˆ + ˜˜ωacˆ ∧ ˜˜ωcˆbˆ + 12Rabˆklωk ∧ ωl.
&/2 ?62 +&/2
Ra
bˆcˆ0
= 4ie−σBcab, Ra
bˆc0
= 0, Ra
bˆcdˆ
=
= 2Bdabc + 2Bdabσc − 2Bhabσhδdc − 2Bdhbσhδac − 2Bdahσhδbc ,
Ra
bˆcd
= −4BhacBhdc − 2ie−2σδa[cδbd], Rabˆcˆdˆ = −4B[c|ab|d] + 4B[dc]bσa + 4B[d|a|c]σb.
&( Rh 6 + !@#<"  2+ {Rijkl}#  7$  +8
 & &. 0 2+&0 + 2?6. M # 8
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2 77$&(0 
dRijkl + R
i
mkl
˜˜ωmj + Rijml ˜˜ωmk + Rijkl ˜˜ωml −Rmjkl ˜˜ωim = Rijkl,mωm,
+/2   ? j<k H# & # / .2  1
 &.H  ++  2+# 2 22  6 0A
R1 = {R00cd;R00cˆdˆ}, R2 = {R00cdˆ;R00cˆd}, R3 = {R000dˆ;R000d}, R4 = {R0bcdˆ;R0bˆcˆd}, R5 =
{R0
bcˆdˆ
;R0
bˆcd
}, R6 = {Rabˆcdˆ;Raˆbcˆd}, R7 = {Rabˆcˆdˆ;Raˆbcd}, R8 = {R0bˆcˆdˆ;R0bcd}, R9 = {Rabˆ0dˆ;
Raˆb0d}, R10 = {Rabˆ0d;Raˆb0dˆ}, R11 = {R0bˆ0dˆ;R0b0d}.
# 2 ?62#  &1 2+2 -0 6# 
2 ?2 ?6/( 2 1 2&2  6( 0   6
R j<k 
.2 2/ 2& ?-.  &( 6 R1 
R00cd = 0⇐⇒ (R(πec, πed)ξ)0 = 0
&
mR((Φ2 + iΦ)ec, (Φ2 + iΦ)ed)ξ = 0.
. ?#  & & 6 R +&/2A
mR(Φ2ec,Φ2ed)ξ + mR(iΦec, iΦed)ξ + mR(Φ2ec, iΦed)ξ + mR(iΦec,Φ2ed)ξ = 0.
.2 &(H  22H / I   &HA
1)mR(Φ2ec,Φ2ed)ξ −mR(Φec,Φed)ξ = 0,
2)mR(Φ2ec,Φed)ξ + mR(Φec,Φ2ed)ξ = 0.
/# I  I&0  
  &( 1A
mR(Φ2X,Φ2Y )ξ −mR(ΦX,ΦY )ξ = 0, X, Y ∈ L
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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&
mR(Φ4X,Φ4Y )ξ −mR(Φ3X,Φ3Y )ξ = 0, X, Y ∈ X (M).
 /2 # / Φ3 = −Φ  m = η ⊗ ξ# 22A
η ◦R(Φ2X,Φ2Y )ξ − η ◦R(ΦX,ΦY )ξ = 0, X, Y ∈ X (M).
&/2 ?62 +&/2
R0
0cdˆ
= 0 ⇐⇒ η ◦R(Φ2X,Φ2Y )ξ = 0,
R00c0 = 0 ⇐⇒ η ◦R(Φ2X, ξ)ξ = 0,
R0
acdˆ
= 0 ⇐⇒ η ◦R(Φ2X,Φ2Y )Φ2Z + η ◦R(ΦX,ΦY )Φ2Z+
+η ◦R(Φ2X,ΦY )ΦZ − η ◦R(ΦX,Φ2Y )ΦZ = 0,
R0
acˆdˆ
= 0⇐⇒ −η ◦R(ΦX,ΦY )Φ2Z + η ◦R(ΦX,Φ2Y )ΦZ = 0,
Ra
bˆc0
= 0 ⇐⇒ Φ2R(Φ2X, ξ)Φ2Z + Φ2R(ΦX, ξ)ΦZ + ΦR(Φ2X, ξ)ΦZ−
−ΦR(ΦX, ξ)Φ2Z = 0,
R0ac0 = 0⇐⇒ η ◦R(Φ2X, ξ)Φ2Z − η ◦R(ΦX, ξ)ΦZ = 0, X, Y, Z ∈ X (M).
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η ◦R(ΦX,ΦY )ξ = 0,
η ◦R(Φ2X, ξ)ξ = 0,
η ◦R(ΦX,ΦY )Φ2Z − η ◦R(ΦX,Φ2Y )ΦZ = 0,
Φ2R(Φ2X, ξ)Φ2Z + Φ2R(ΦX, ξ)ΦZ + ΦR(Φ2X, ξ)ΦZ − ΦR(ΦX, ξ)Φ2Z = 0,
η ◦R(Φ2X, ξ)Φ2Z − η ◦R(ΦX, ξ)ΦZ = 0, X, Y, Z ∈ X (M).
.2 2/ 2& ?-.  &( 6 R8 
R0bcd = 0 ⇐⇒ Bbcd = 0
  
R0bcd = 0 ⇐⇒ η ◦R(ΦX,ΦY )Φ2Z + 2η ◦R(Φ2X,ΦY )ΦZ + η ◦R(ΦX,Φ2Y )ΦZ =
= 0, X, Y, Z ∈ X (M).
&/2 ?62 +&/2
Ra
bˆcˆ0
= 0⇐⇒ Φ2R(Φ2X, ξ)Φ2Z + ΦR(Φ2X, ξ)ΦZ = 0,
Ra
bˆcdˆ
= 0⇐⇒ Φ2R(Φ2X,Φ2Y )Φ2Z+
+Φ2R(ΦX,ΦY )Φ2Z + ΦR(Φ2X,ΦY )Φ2Z − ΦR(ΦX,Φ2Y )Φ2Z−
FF    


−Φ2R(Φ2X,ΦY )ΦZ+Φ2R(ΦX,Φ2Y )ΦZ+ΦR(Φ2X,Φ2Y )ΦZ+ΦR(ΦX,ΦY )ΦZ = 0,
Ra
bˆcˆdˆ
= 0 ⇐⇒ Φ2R(ΦX,ΦY )Φ2Z + Φ2R(ΦX,Φ2Y )ΦZ−
−ΦR(ΦX,Φ2Y )Φ2Z + ΦR(ΦX,ΦY )ΦZ = 0,
X, Y, Z ∈ X (M).
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η ◦R(ΦX,ΦY )Φ2Z + 2η ◦R(Φ2X,ΦY )ΦZ + η ◦R(ΦX,Φ2Y )ΦZ = 0,
Φ2R(ΦX,ΦY )Φ2Z + Φ2R(ΦX,Φ2Y )ΦZ − ΦR(ΦX,Φ2Y )Φ2Z + ΦR(ΦX,ΦY )ΦZ = 0,
Φ2R(Φ2X, ξ)Φ2Z + ΦR(Φ2X, ξ)ΦZ = 0, X, Y, Z ∈ X (M).
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